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Consider alens illuminated by an ISl beam
and focused onto a target. Fourier optics tells us
that the spatial distribution of the electric field at
the lensis a direct analog of the wavenumber spec-
trum of the electric field at the target. For the mo-
ment, assume that the beam is normal to the target.
The extent of the field in wavenumber space at the
target is due entirely to the geometry of the focus-
ing optics: the diameter of the lens D, the focal
length of the lensf, or the F/# of the lens F=f/D. As-
sume further that the intensity profile of the beam at
the lensis such that it uniformly covers the lens sur-
face, is uniform in a statistical-time-average sense,
and is characterized by the number of spatial co-
herence zones, N, that cover the lens surface. The
resulting envelope of the electric field or intensity
at the target will have a width Rgot = N.FAg, or N,
times the diffraction limited spot size of the entire
lens, FAq. The spatial width of the coherence zone
at the lens surface is D/N,. This electric field struc-
ture at the lens results in a spectral width of the
electric field coherence zones at the target surface
of Ak=21UFAq as well as the total spectrum width
there, km=N,Ak; =21tN,/F Ap. Thus, the spectrum va-
ries from —kp/2<k<+ky /2 where k is the wave-
number of thefield at the target.

(The preceding limits assume that the angle
0 subtended by the lens is small enough that
sinB=0. More generally, the spatial coherence zone
at position -D/2<x<D/2 and width d at the lens will
result in an electric field at the target at wave-
number k=kgsin(Bx) (where Bx=atan(x/f) and kg is
the laser wavenumber 217\ and width
Ak =ko(sin[atan((x-d/2)/f)]-sin[atan((x+d/2)/)]).)

Multiple Beams:

We can consider multiple beams in the limit
that they are immediately adjacent to one another;
this is equivalent to shortening the F/# of the incid-
ent lens optic to Fyy=f/NyD=F/N, where F is the
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Fig. 1. Focusing optics produce the Fourier trans-
form of the incident beam on the target.

F/# of the single lens. This results in the width of
the k-spectrum of the electric field at the target in-
creasing by the factor Ny, while the incoherent zone
width Ak, remains the same (the total number of co-
herence zones is multiplied by Np). This leads to
higher frequency structure in both the electric field
and the intensity. When this shorter wavelength
structure is averaged over a region larger than the
smallest wavelengths, smoothing of the resulting
beams occurs. We will consider this effect in more
detail later.
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[.1-1D: Intensity structure:

Given the k-spectrum of the electric field at
the target, the intensity can be found as its convolu-
tion:

IU)=EYmEoozIdkeW*E%kUdkéwEw)
:Idk'J'dk eE"(K)E(k +K)
. . _ _ @
In the ssimulation code, the integral is effectively re-

placed by a summation (the Discrete Fourier Trans-
form) asin:

I(k) =Y EEju, 2
J

where ¢ = kid/Ak; varies from -N,+1 to N,-1, and the
limits of the sum over j are from j=1-N,/2-
MIN(?,0) to j=N,/2-MAX(,0).

Now if Ej are complex random valuesry +
ir, whererq & r, are instances of a Gaussian ran-
dom distribution of width unity, then E; is a vector
in the complex plane with amplitude & and a uni-
formly distributed random phase between 0 and 21t
For any ¢#0, E" Ej.¢ will also have arandom phase
and amplitude <&>2. Summing n of these numbers
will (on average) give avector of amplitude nl/2«&2
with a random phase. For each /, the number of
sums given by Eqn. (2) is simply N -|¢|. Thus the
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Fig. 2: The solid dark line shows the time averaged
simulation results after 1000 coherence times, and
the broken red line shows the analytic predictions,
for N=75, lag=1 (egn. 4). The wavenumber index
correspondsto 7 in the text.

(average) amplitude of the intensity from (2) can be
written:

(1(k,)) = <Z E; Ej+€> =N, —[¢}\8)? (©)
]

where <« denotes an average element from the sta-
tistical ensemble. A special case exists for /=0 since
the products E;"E; are all real and positive; the sum
there is Nx&2>. Finally, since the /=0 term also
gives the average value of the intensity |5, we
have: lag = Jdxd(x)>/fdx = <(k=0)>=Nya2>; thus
<a82>=la,¢/N;. However, note the subtle distinction
between <&>2 and <a2> -- they are not equal as the
operations of ensemble-averaging and raising to an
power do not commute. For the probability distri-
bution function we consider here, p(l) = exp(-
I/lavg), Which gives <>=l5,q and thus <a2>=l5,¢/N; as
noted above; but as p(|E[) = 2(|EN avg)exp(-|E|H1avg),
Ep = <& = V(Tré&2)/2 = (1/2) (Tl avg/N2) V2 (See Ap-
pendix A and fig. 2)

_ 1—|K£|M
(1(k)) = N, 4

where k=k/ky. As we can see from fig. 2, this for-
mula matches the simulation model very well, when
averaged over a suitable time, and when the smula-
tion is set up to resolve all the modes in the intensi-
ty spectrum.

Before leaving this section, | want to point
out two things. First, note that the effect of adding
multiple beams is to simply to increase the number
of incoherence zones N, by the factor Ny (number
of beams), thus reducing each Fourier component
of the intensity by the square root of the number of
beams, as expected. However, multiple beams also
multiply the extent of the intensity spectrum by Np.

Secondly, note that the actual (time average)
amplitude of an intensity perturbation at a given
wavelength A=277|ky| is twice the quantity given in
eqn. 4, because one must add both the positive and
negative wavenumber contributions.

(4)

[.2A-1D The problem of incomplete resolu-
tion: Inadequate Fourier resolution
It is a common problem in the simulation
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that we cannot resolve all the modes generated by
the laser beam. For instance, if a simulation has a
transverse size (Xgn) smaller than the spot size of
the beam, the modes with wavelength Xen<A<Rgpot
(and others not fitting the periodicity of the mesh)
cannot be resolved. In general, in a simulation of
size Xjen With Ny points along x (grid size
Ax=Xjen/Ny) and periodic boundary conditions
(needed by 1Sl and/or Fourier transforms, and in
any case more general than predefined amplitude or
gradient boundaries), the Fourier-space grid will
have extent -ky/2<k<ky/2 and resolution Aky where
AKy = 2TV X|en and kyx=217AX=NxAKky. This resolution
may not match the resolution needed for the field,
e.g. in general, Ak@Ak,. In particular we consider
here the case of inadequate resolution such that
Aky>AK (i.€., Xien<Rspot). Then each Fourier mode
in the code must represent N =Aky/Ak=Rgpot/Xien
modes (assume for the moment N; isinteger; the re-
sult will generalize to the non-integer case). A typi-
ca value of N; in the code would be 7.5
(Repot=750pm [Nike], Xjen=100um).

There are many ways to model this. Oneis
to simply (linearly) interpolate the real spectrum at
the places where we do resolve the field (i.e,,
kyi=1AKky, 1=-Ny,...,Nx). Another way is to use the
field averaged over the cell Akyin Fourier space.

Consider the first case, that of simple inter-
polation (i.e., the amplitude of the electric field is
“sampled” at the point in k-space at which it is
centered). Denoting E as the field resolvable in the
simulation, we have: E(kyg)=E(ki=ky). The change
in the number of modes, however, implies that the
average intensity would change, unless we renor-
malize the field amplitudes, because we no longer
have N, modes but instead N,/N, modes. In this case
<B>2=<&">2=(Tllayg/4)N,/N, and eqn (3) becomes:

() = (N /N, =i a2 = LKl Mavg g
<(Xl)> \/ z/ r ||\ > 4\“‘N2/Nr 4 ()
Consider the second way, and average the
field amplitude over the Fourier grid cell Aky:
E(ky)=Jdky E (ke )/ Ak=( Ak AK) S E(kg +NAK),
where the summation is over the N, nearest modes.
Assuming that the sum is again over statistically
identical but mutually incoherent fields,
E(Kyi )>~NrV2<E(Ky)>=N; 24, & is still determined by
the average intensity and the (total) number of
3

modes: 8=(Tda,g/4N,)V2. However, we have also re-
duced the number of terms in the sum of egn (2) to
N, = Nz /N;. Thus Egn. (3) becomes:

N N i a2\ | 1-k] oy
<|(kxi)>_\/Nz/Nr |||Nr\a >_\ Nz/Nr 4
(6)

...which isidentical to egn. (5). So in each case the
necessity of normalizing the electric field amplitude
to produce the correct average intensity, in tandem
with our insistence that each electric field compon-
ent is statistically identical, leads us to the same so-
lution. Compared to the perfectly resolved case
(egn (4)), the individual intensity fluctuations are
larger by a factor of /N, . These formulas (5) or
(6) represent what isin the FAST2D code now.

This increase in mean intensity fluctuation
level is the result of preserving the total rms fluc-
tuation and average intensity while keeping the an-
satz that each electric field mode amplitude is iden-
tical. One way around this /N, increasein the am-
plitude would be to simply interpolate the mode
amplitudes, but drop the constraint of producing the
correct average intensity. We would find the intens-

ity spectrum:
T U ‘g‘ﬁ 7
<|(kyi )> = (N/N; =fi[\8)? :‘\N—Il\ll ng (63)
| z'vr

The correct average intensity can still be recovered
by simply adding the appropriate (constant) amount
to the DC mode (k=0): instead of <I(k=0)>=
N,<82>/N;, add the amount | 4,4(1-1/N;). In this meth-
od, the individual intensity fluctuations are smaller
by a factor of /N, compared to the resolved case
(egn (4)), and a factor of Ny smaller than the cur-
rent methods (5) and (6).

Finally, the alteration in individua mode
amplitude produced by the methods (5-6a) can be
avoided by directly using the intensity spectrum
given by egn. (4) no matter what resolution we
might have. Then (if needed) add the appropriate
DC contribution to preserve the average intensity.
This method preserves the average intensity and the
individual intensity fluctuation level, at the expense
of reducing the total rms intensity fluctuation level
(asthere are fewer modes represented).

(In the last two methods, there should prob-
ably be a random, statistical nature to this add-on
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fig. 3: The solid line is the weighting factor
2sin(kA/2)/kA as a function of kA, and the dotted
lineisits envelope, 2/kA.

constant -- since this DC term is actually being
made up of all from those N;-1 modes that we failed
to resolve during the interpolation. Also, it may be
appropriate to reduce the mean variance of the indi-
vidual mode amplitude (by ~N,-12) to reflect the ef-
fect of averaging the adjacent unresolved modes.)

[.2B-1D:The problem of incomplete resolu-
tion: Inadequate spatial resolution

Another common problem, particularly
when using multiple beams, is not having enough
spatial resolution to resolve the high frequency spa-
tial structure (remember, the smallest intensity
wavelength is expected to be of order FAg, where F
in this case is represents the total beam cluster). Let
us denote A as our smallest resolvable spatial extent
(n.b.: A may be the same size as --or larger than--
the mesh spacing Ax). Then the resolved intensity at

any scale due to this minimum resolution is:
X+A/2 X+A/[2

1 , e
IR0 =% [dX1e(0 = Ik Idxe'kx
x-0/2 kK x-A/2

- | e”‘x SinkA/Zﬁ
e

where the subscript “R” refers to the resolved in-
tensity and the subscript “E” refers to the exact in-
tensity, and Iy are the Fourier coefficients of the
“exact” intensity. Thus, averaging the exact intensi-
ty over the distance A is equivalent to multiplying

()

the Fourier coefficients of the intensity by the factor
2sin(kA/2)/KA. (see fig. 3). Note that at kA=nrt for
integer n greater than zero, the multiplier is zero.

What about the high-frequency end of the k
spectrum that can’'t be resolved in the simulation,
e.g. [KP1vXen? These values of k are aliased to val-
ues of k that do appear in the simulation. The rule
for such aliasing is that the actual k is mapped to a
resolvable k given by:

Kres = Sk —|(k MOD ky) =3k (8)
where MOD is the modulo function. Thus the in-
tensity at each resolvable wavenumber, k, is made

up of the weighted sum of the intensity at wave-
numbers k, ky-k, ky+k, 2ku-K, ...

II.LA-2D: The actual (two dimensional)
illumination spectrum

Now we concern ourselves with the actual
illumination spectrum with two transverse dimen-
sions (i.e., the “real world” case). Again, we assume
that the k-spectrum of the electric field at the target
is known (as it is simply equivalent to the spatial-
distribution of the electric field at focusing lens).
And again, as in the development of egn. (1), the
intensity can be found as its convolution:

1(x,y) = E (X, Y)E(X,Y)
= J’Idk'xdk'ye“"¥x‘ik?y5* (KoK) x

Hdkxdkye”‘x“”‘vyE(kx,ky) (9)

= [[ oK,k [[ dik, " x

E (Ke, Ky ) E(Ky + Ko, Ky +Ky)

and now the discrete summation is also in two
transverse directions:

I(ké’kn) = z z E;,mEj+€,m+n (10)

m

This summation is determined by the number of
modes in the sum, since each summand is statisti-
cally identical. The number of sums is given
(geometrically) by the area of overlap of two circles
of width ky/2, separated by a distance
[KI=V(kx2+ky?). This area of overlap is the number
of sums in egn. (10) (in units of Ak? (we assume
Ak=Aky=Aky)), and is given by:
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_ 4 2 2
No =7 | dx Ky /4= x (11)
KI2
or:
f . -1 i .2
Ng =1 A—MD{H—Zsm [K] -2kv1-k%) (12)

where k=k/ky varies from 0 to 1. So if each indi-
vidual electric field amplitude is &, the amplitude of
the intensity fluctuation at a given Kk =

V(k@+ky2) Ky is:

I(k/’kn) <Z Z EJ mEJ+/ m+n> \W<A>2

(13)

Again, the special case exists at k=0, where the sum
is coherent and the mean intensity is the average in-
tensity: Ng(k=0)<a2=(ku/AK)2T82/4=1 5. This de-
termines «a2: «a2>=4l 4,¢/TN,2, (N;=kw/Ak) and by
extension (see discussion previous to egn. (4) and
Appendix A) «@2=l4,9/N2. So the average intensity
fluctuation at wavelength K is given by:

(I(k)) = \n 2sin7k] - 2k V1-k? ;zlg (14)

z
where N,=ky/Ak is the number of coherence zones

measured across a 1D slice of the lens (the total
number of coherence zones is ~N22L Note that for
small (but finite) k, <(k00p0 Vrr/(2N,). This
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fig. 4: The 2D spectrum of intensity fluctuations as
a function of wavenumber k=sart(kx2+ky2)/kv (in

red). The 1D spectrum (egn.4) is shown for com-
parison; both use N,=1 for comparison purposes.
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spectrum as afunction of K isvery similar to the 1D

case, except that it's smaller (per mode) by a factor
~N,1/2,

[1.B-2D: Properly Accounting for 2D effects
with a 1D treatment

The major difference between the 2D and the
1D treatment of ISl is that the number of modes
with large |k| is larger in 2D: the number of modes
with a given wavenumber |K| increases linearly as
~lk|. One (arbitrary) way to take this into account in
1D isto preserve the relative oyms (compared to the
full 2D distribution) at a given wavenumber. The
standard deviation of the 2D distribution is calculat-
ed straightforwardly (using egn. (14), and assuming
around focusing lens):

> 3 {1tkek)’

K.Z0K #0

kM
= Idk2rk<|(k)>2/Ak2
=213 J’dKK(n 2sin” k] - 2xV1-k )

(15)

The integrand is thus simply proportional to the
Orms for each mode in the 2D distribution. For com-

parison, the 1D distribution gives (using egn. 4):
(@)= (1K)

D
~DIdk 1(K)) +J’dk 1 (K)) E/
I(M
=2 Idk(l(k)>2 /Ak

k#z0
D—k Ky
_ 2
n2 avg J’dK (1-k)= 16|an(1_N%+,iz)

(16).

2
|:]16|«’:1VQ]
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fig. 5: The function converting 1D imprint to 2D, as
a function of wavenumber « (c.f. egn. 17).
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Thetotal oymsin 2D isthe same asin 1D, but since
there are many more modes in 2D, the typical grms
in any given individual mode is much lower.

The 1D distribution can be “renormalized” to 2D
by requiring that (i.a) the individual 1D mean-in-
tensity fluctuation in each mode is equal to the 2D
mean-intensity-fluctuation; and (i.b) the 1D total
Orms IS the same as the 2D oyms Alternatively, we
can (ii) create a new 1D distribution by averaging
the 2D distribution in k-space to obtain a
“representative” distribution.

Method (i) would be used to scale a 1D
(transverse) simulation to a 2D (transverse) simula-
tion; in this case the imprint at each wavenumber of
a 1D (transverse) simulation would be scaled by the
multiplier composed of eqn(14)/eqn(4):

_2 [m-2sin"Y K] - 2k\1-K?

120 = m\ N,(1-Ky)

\I (KX)>1D

17)
(see figure 5); this multiplier is of order unity ex-
cept for the N,1/2 factor. Using this expression to
renormalize the mode amplitudes and summing
them over the resulting 2D distribution also yields
the correct total Oyms.

Method (ii), creating a new 1D distribution by
averaging the 2D distribution in |k|-space, could be
used if we wished to generate a 2-D like modal
Orms in @ 1D (transverse) simulation directly. Re-
quiring that the intensity fluctuation amplitude at Ky
reflect the total 2D fluctuation level at k, the 1D
“equivalent” of the 2D field would be:

(k)=

‘., (19

\/KX(T[— 287 Ky — 2Ky 1K 2 Ve
This has been normalized by requiring that the total
Orms be the same as in 2D. It’s not clear how to get
this spectral shape simply by generating the elec-
tric fields as we did before -- the electric field com-
ponents are no longer independent of k. Probably
the easiest way is to assemble the field with the typ-
ical 1D intensity distribution (sec. 1), then apply a
1D-to-2D transform in Fourier space by using the
ratio of egn (18) to eqn (4) (see aso fig. 6):

(1K) oo rmock 4KX(7T_25in_le _2Kx\/1_K>2<)
(1 p-gm | m(1- k)
(19

(whichisjust /mN,k, timeseqgn. (17)). As before,
missing modes (due to incomplete resolution in
Fourier space) can be accounted for by normalizing
the resulting field to ensure that the total oyms is

fig. 6: The normalization function (egn (19)) ap-
plied to a 1D distribution spectrum, in order to get
a 2D intensity distribution spectrum.

preserved.
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Appendix A

The distribution function of the electric field magni-

tude can be derived from the distribution function

of the intensity using the cumulative distribution
function (e.g., B.W. Lindgren Statistical Theory
(2nd Ed.) p. 69 (1968), or any basic text on statis-

tics). In general, we can equate the two cumulative
distribution functions (e.g., F(X)), which are de-

fined from the (density) distribution functions (e.g.,

p(x)) as.
X

F(X)= [axp(x)

In the case under consideration here, we know the
intensity distribution function p(l), and we wish to
find the electric field distribution function p(|E|).
Since p(I) = exp[—l/laygl/lavg: €an. (A.1) gives
Fi(1)= 1-exp[—1/lavgl/lavg, Which is equal to the cu-

(A1)

Attachment A

mulative electric-field distribution: Fg(|E)=1-
eXp[—|E[Xl avgl/Navg. (lavg=<!>.) The probability densi-
ty function p(|E|) is found from the cumulative dis-
tribution through differentiation as:

e _, [E AePn
E) = .
HE\ (l |) d|E| J@

(This has been normalized using the requirement
that the total probability is unity). Furthermore, the
average value of |E|, <|E]> is found as the first mo-
ment of the probabi lity density function:

() J’dIEIIEI p(E) =17

We note that, although the average value of the in-
tensity distribution is (by definition) layg, the aver-
age value of the electric field distribution is not
simply lagl2, but isinstead only about 89% of that
value.

(A.2)

Tlag (A

The IDL function implementing the ISl model, similar to that used in the FAST2D code, and used for the

comparisons above (fig. 2).

function 1SIS2, Nbeans, Nnodes,

nt1=nt1, verbose=verbose, eef=eef
;T
;. NAME:
; isis2
. CALLI NG SEQUENCE:
; intensity = isis2(Nbeans, Nnodes, Nmax, SEED)
;. PURPCSE:

NMX, seed, AVI NT=AVI NT, debug=debug, $

generate an ISl profile of length NMX, return in array |Fl ux

© FUNCTI ON RETURNS:

intensity

NMODES- 1] ,
Not that this should matter.

| FLUX: array of size NWK that is output as isi
;  PARAMVETERS:
; Nbeans: Nunber of beans that we'll be adding (?)
NMODES: I nteger nunber of 1Sl nobdes (in k space) of EACH beam
curiously, they will be arranged fromk=[0 :
e.g. biased to k.ge.0 in Fourier space.
NIVKX: I nteger size of output Iflux vector
seed: Random nunber seed.

val ue on every call)

OPTI ONAL PARAMETERS

(shoul d be provided so that it isn't reset to same

if nonzero, debugging notices get printed

Avint : Average intensity (Def = 1.0)
nt 1: Nunber of total nodes per resolved node (def = 1.0)
(In practice, this will be Y_focal/Y_length)
ver bose: Ver bose flag (def=0);
debug: debug flag (def = 0)
eef: The electric field
; H STORY:

programred circa 04 Nov 1999 :
nodi fied fromisis.pro on 04 Jan 2000 :
mul tiple beans & averagi ng.

|f n_el emrent s(avi nt)

eq 0 then avint =1.0
i f n_el ement s(debug) eq O then debug =0
if n_el ements(nt1) eq O then ntl =1.0
if n_elements(verbose) eq O then verbose = 0

NrodeTot = Nmodes * Nbeams

in preparation for APS/ DPP 99 confernce
testing out new ideas of
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; find Np = 2**MM such that Np >(2*NmpdeTot) .and. Np >= Nmx

; then Nspace = Np/ Nnx

MM = FI X( ALOG(NnDdeTot)/ALOG(Z ) +2) > FIX( ALOG(Nmx)/ALOG(2.))
if (NP1t Nnx) then NP = NP*2

NSPACE = NP/NMX ; | think this is guarranteed to be integer

if verbose ne O then begin

print,'In isis2: using vector of length ',np,' to generate length ', nmx

print,' -- nspace = ', nspace,' averaging points'
endi f
; construct a random anplitude distribution in Fourier space
; for wavenunbers corresponding to indices NP/ 4 to NP/ 4+NmpdeTot
eef = conpl exarr (np)
eef (0) = CoMPLeX(random(seed, Nmodetot), randomm(seed, Nnpdetot))
; add in effects of other npbdes not resol ved here
if (ntl1 gt 1.0) then begin
for ijk = 2, ntl do begin

eef (0) = eef(0:*) + CoMPLeX(randomm(seed, Nnpdetot), randomm(seed, Nrodetot))

endf or
if ntl1 mod 1.0 gt 1. E-4 then begin
eef (0) = eef (0:*) + $

endi f
endi f
eef = eef/sqrt(2.*Nmodetot*nt1)
; NOTE: Normalization of 1./NP is applied in direction=-1
; (fromIDL online help
; A nornmalization factor of 1/N, where Nis the
; nunber of points, is applied during the forward
; transform
sav = abs( NP*fft(eef, -1) )"2
i
|
i

(nt1-fix(ntl))*CoMPLeX(random(seed, Nnmodetot), random(seed, Nnobdetot))

average every Nspace points, put it into |IFlux
i ndx = indgen(Nnx)*nspace
flux = sav(indx) ; > 0.
if Nspace gt 1 then begin

for ijk = 1, Nspace-1 do begin

Iflux = Iflux + sav(indx + ijk)
endf or
Iflux = Iflux / float(Nspace)
endi f
Iflux = Iflux * avint

i debug ne 0 then stop
return, |flux
END
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